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Introduction to homotopy theory



Homotopy theory

Study of spaces or shapes
with “weak equivalences”



Important spaces

O O



Important tool

Fundamental group:

m1(X) = maps S' — X up to homotopy

m1(X) = trivial m1(Y) # trivial



Important tools

Homotopy groups:

m1(X) = maps S' — X up to homotopy
m(X) = maps S — X up to homotopy

m3(X) = maps S — X up to homotopy



Torsion-free

Serre proved

odd k :

even k :

in 1950s:

if n=k
otherwise

ifn=k2k—1
otherwise



Rational homotopy theory



Rational homotopy theory

Study of spaces
with “rational equivalences”
and “rational homotopy groups”



Rational homotopy theory

Study of spaces
with “rational equivalences”
and “rational homotopy groups”

or

Study of rational spaces
with weak equivalences
and ordinary homotopy groups



Rational spaces

X is rational if m,(X) is a Q-vector space

!
I

1x 2% 3x 4x



The main equivalence



Main equivalence

Theorem

Homotopy theory of rational spaces

Homotopy theory of commutative differential
graded algebras



Main equivalence (precise version)

Theorem

Ho(Topg ; ¢) ~ Ho(CDGAq 1 ¢)”



What is a cdga?

Definition
acdga Ais
» a Q-vector space
» with a multiplication A® A 5 A
with a differential A -+ A such that d? =0

with a grading A =,y A”
it is commutative: xy = (—1)XWlyx

v

v

v



Free cdga’s

As always: there is a free guy: A(...)
For example

A(t, dt) with [t| =0

is just polynomials in t, with its differential dt



Dictionary

rational spaces cdga’s
Sg with n odd A(e) with |e| =n
Sg with n even A(e, f) with |e|] = n,

|f| =2n—1and df = €?

Eilenberg-MacLane A(e) with |e| =n
space K(Q, n)



Dictionary

rational spaces cdga’s

weak equivalence weak equivalence

Tl F) 1 ma(X) 2 ma(Y)  H(F) : H(X) = H(Y)

homotopy homotopy

h:Xx1—=Y h:A— BNz, dt)



Dictionary

rational spaces cdga’s

ma(X) = [S", X] m(A) = H(Q(A))
m"(A)" = [A, N(e)]
or [A, A(e, f)]

Long exact sequence of Long exact sequence of
a fibration a cofibration



Dictionary

topological n-simplex

A" = {(Xo,...,Xn) GR”+1| ZX,-: 1, x; > 0}

cdga n-simplex

N(xo, - - - Xp, dXo, - . ., dXp)

Bn = 5ox—1,5dx)

[xi| =0



Construction



Construction
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